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ABSTRACT
The characteristic fourth-order partial differential equation for two-dimensional elastic
anisotropic and orthotropic materials is solved, using a doubly infinite power series. Two
specific problems are presented to illustrate the use of power series; the simply supported
anisotropic beamn under a uniformly distributed load, and an orthotropic cantilever under
triangular and concentrated end load. Results are compared with those of elementary bend-

ing theory.

INTRODUCTION

Polynomial or doubly infinite power se-
ries solutions of the Airy stress function
(1863) have been applied to beam prob-
lems of isotropic bodies (Wang 1953;
Timoshenko and Goodier 1951; Lekhnitskil
1947, Sechler 1961). Timoshenko and
Goodier (1951) take polynomials of various
degrees, suitably adjust their coefficients,
and apply the stress function to a number of
practically important two-dimensional elas-
tic problems for isotropic materials. For a
simply supported isotropic beam, they con-
sider a polynomial of the fifth degree, and
for an isotropic cantilever a polynomial of
degree six is used. With appropriate bound-
ary conditions, solutions for the stresses
can be obtained. Wang (1953) integrates
all the stress components in a given isotropic
cantilever and substitutes the resulting un-
known function into the stress equation. A
solution is obtained, subjected to the pre-
scribed boundary conditions. Sechler (1961)
uses a technique similar to that of Timo-
shenko. Lekhnitskii (1947) has solved the
stress function for an anisotropic beam by
using polynomials. His results provide the
only information relative to the use of
power series for the solution of anisotropic

! Research reported in this paper was supported
by MclIntire-Stennis funds and administered by the
Institute of Forest Products, College of Forest
Resources, University of Washington.

96

problems. Neau (1956) recently developed
a scheme for applying doubly infinite power
series to the stress function for the isotropic
bodies. His system focuses on a systematic
method for determining the constants. Prob-
lems in which boundary stresses can be de-
scribed by means of power series are solv-
able by this method.

In this paper the method developed by
Neau is extended to encompass orthotropic
and anisotropic media. Two problems are
examined as a means of portraying the
general method of analysis: a simply sup-
ported anisotropic beam under uniform
load and an orthotropic cantilever beam
under triangular and concentrated end
load. Solutions are compared with those
obtained from elementary bending theory.

METHOD

The solution of the boundary value prob-
lem in plane elasticity hinges on the deter-
mination of Airy’s stress function F(xy,xs),
satisfying the differential equation

F EM o'F
K oxa K2ax3a LS ax2ax2
1 19% 19%;
*F F
+ Ky 3 A — o
3x,9x3 ax3
(1)

where the constants K; are real functions of
the known elastic moduli of the materials
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‘dnd defined as K1 = Sggzg; Kz = —482212;
K, = 2<S1122 —+ 251212); K, = —4S1112; Ka =
Sll'l'l-

For the orthotropic case, Ko = K, = 0.
Then, equation (1) reduces to the form

o F )
a_EZ 572 T K _F4 =0
’ X 39X Bx 59x
1 1 2 2

(2)

The components o1, 0us, 010 of the stress

22,

tensor o are related to F by the formulas

2 2 2
BF _BaF _ B3F

= 220 % 70 927 Taxex
axg ax‘] i 2

(3)

It is assumed that the stress function F
can be expressed in the form of a doubly
infinite power series

(e 0] [e 0]
m n
F(x X = C X, X
17 72 an 1 2
m=0 NzoO

(4)

where m and n are positive integers and
the C,,, are unknown constants to be de-
termined for particular boundary condi-
tions. It is helpful in the construction of
solutions to record the array of C,, of
equation 4 as a matrix

P |

[c .
COO C01 C02 C03 C04 COS COG

C C C C C C _ C v

10 T 12 13 14 15 e
C C c..C C C_C_ »e
20 21 22 T23 24 25 26
C c C..cC C C._ C_ e
30 31 32 733 34 35 36
C C C C C c_C
40 41 42 43 44 45 4
C C C C C C_C_ e
50 51 52 53 54 55 56
. . . - -_d‘
(5)

Differentiating equation 4, we obtain the
following expressions for fourth derivatives

5 oo

M=z=4 N:=0

® ©
mM-=3 N-=1
3 :ZZmn(m-‘l)(m-z)C XX,
BXAx mn

1 o M=3nN=1

Y) prbfrede, F 4
" mnn-1m-1C X, X
DX0% mn 2

4
OF

C ><

and

345: o (2 m-1 Nn-3
3= mn(n-1)(n-2)c Xy X,

X 3% mn

9‘1—=§:§i<n

oN=4

Substituting equations 6 into 1 and chang-
ing the range of summation gives

0 ™
> ) [kmfnfeifmecc,, o+
1 m+2 n-2

m=2 n=2
K m(m+1Xm—1In—1) C + Kmn(m —1)
2 m+1,n-1 3

(n-w)c + Kn
mn 4

nHXn —1Xm—1) C +
m=1,n+1

n+2

ol

c m-2 n-2
m-2,n¢2 X1 X2 = 0
(7)

Since x; and x» are in general non-zero, it
follows that the expression in brackets in
equation (7) must equal zero for different
values of m and n. Three such equations
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are tabulated below for particular values
of m and n

for m=2 & n=2

24K1C4o+6KC + 4KC + 6KC
2 3N 3 22 4 13

+24K5C04 = 0

form=2 & n=3

24K C

Gy F12KC +12KC + 24KC
2 32 323 414

120 =
+ KSCO5 = 0
for m=3 & n=2
120 K1C50 + 24K2C41 + ‘12!»(3(:32 +
12KC _+ 24KC = 0o
4 23 5 14

(8)

It is readily apparent that these equations
establish restrictive relations between the
unknown constants. These constants occur
along the diagonals of matrix (5) extending
from lower left to upper right.

Since Kz = K, = 0 for an orthotropic mate-
rial, equation (7) reduces to

[e2]

@
Z Z [K m(m—1Xm+1Xm+2 C
1 m+2,n-2

m=2 n=z2

+ K mn(m—1Xn-1 C +
3 mn

m-2 n-2

n+2|C :]x X = 0
m-2n-2f 1 2

(9)

AN ORTHOTROPIC CANTILEVER BEAM SUBJECTED
TO A DISTRIBUTED LOAD AND CONCENTRATED
END LOAD

K n(n-1xn+1
5

As a first example, we examine a canti-
levered orthotropic beam under a concen-

trated end load and a distributed load that
varies linearly with distance along the
beam. An orthotropic beam is located in
the 1-2 plane, as shown in Fig, 1. Ortho-
tropic and geometric axes are coincident.
The reaction at the right end of the beam
is considered to be distributed as shear
over a vertical surface at x; = A. Stress
boundary conditions for the beam are as
follows:

g,= 0 =0 |X2|S h
=0 x.=tph 0<x, <2
12 2 - -1 =
0,,= 0 » x2:h o§x1§7\
02_2: qx1; Xz:—h OSX1S7\
2
h -P-Zan x=
g dx =
12 2 _
-n -P x=0
h
(I”dxzzo X=0,A
-h
1 3
f -PA-EQA X1:7\
o xdx =
1172 "2
’h 0 X1:O
(10)

It remains now to determine the unknown
constants C,, in the stress function. Using
equations (3), we obtain for the shear stress

e 0] e 0]
m-1 n-1
aga =z - E E mnC X1 X
12 mn
mM=1 nN=1

(11)
Boundary condition (10b) gives
88 n-1
szrwc (h) = o
mn for
n=1
00 n-1 I'T‘I2 1
LGl = 0
n=1 (12)
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Fic. 1. An orthotropic cantilever subjected to

an end load of P 1b and triangular load of inten-
sity g lb/in.

Multiplying both these equations by h,
then adding and subtracting, two new
equations are obtained

led]
n
nc h = O
mn for
Nz2486
© m=21
n
ZnC h = 0
mn
N=1,3,5
(13)

Consider the boundary condition specified
by (10c).

3
n
o

for m=2

I3
1
@]

(14)
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Boundary condition (10d) gives

m 2
X - —Qgx
1 9 1

ni[icm()]m(m

Hence

(e6) n

2 %)

N=o

]
@)

0 0)

> e v

nz=o

i Cmn (_ h]n =

]

(15)

Adding and subtracting equation (14) and
the third of equation (15) gives

0]

(16)

13) and (16) require that
forn=20,1,2 ...

Equations (
C4n = 0

With these results, it follows that for the
orthotropic cantilever loaded as shown in
Fig. 1, all unknown constants below the
tourth row in (5) are zero. Then, from the
restrictive relations (9) we conclude that

Cos =Coy = Co5 = Co6 = Cy4 =C3 =Cays
=0.

In addition, the constants Cgo, Co1 and Cyo
are dlsregarded because they do not appear
in the equations for stress. Considering re-



100

sults to this point, the matrix of C,,, has
been reduced to

— —_— C C C LI Y
o2 03 o4 o5
-— C C C .
11 12 13 14 15

(17)

Using the first of equations (13) with m =
3 gives

C32 =0.

Using this result with the restrictive relation
given by (9) leads to

C14:0 .

Solving equations {13), (14), and the sec-
ond of (15) simultaneously with m =3,
we obtain

q g q
C = - — = — = - —
03 12’ C31 8h C33 24}’13
(18)

Setting m = 2 in the first of equations (13)
gives

C22 =0 .
It follows from restrictive relation (9) that
Cr'04 =0.

Simultaneous solution of the first of equa-
tions (15) with the second of (13) and also
equation (14) for m =2 results in

Con=C=Cap=0.
Equation (9) with results from above gives
C4)5 =0.

Furthermore, by setting m =1 in the first
of equations (13), we find

Cm:O .
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The second of equations (13) with m=1
gives
5

3
C”h + 3C13h + 5C15h = 0

Finally, using equations (9) and (18), we
arrive at

e
C = 3 y C =

KBCIh 2
157 3 17 16K 3(1:3h
80K H 5

Incorporating these preliminary results into
the stress function F (x4, x2) of equation (2)
leads to

2 3

F(x1,x2) = C X + K,9h

%3 t [16K
: 5

h | x x C xx ik >
3C,3 X% T 131x2—80Kﬁx1x2
5

02 2

aq 3 q 3
— X X
12 1+ 8h 1 2

- iaxz: XZ
24K

(19)

The remaining three unknown constants
Co2, Co3, and C,3 can be determined by
using three of the remaining boundary con-
ditions. Equation (10f) gives

C02:O .

Finally, the boundary conditions (10e) and
(10g) require that

c.= - 2 4 N
13 4R 40K h
5

andC03:0.

The complete stress function takes the form

K K.g
F(x,x) = [—3P - J_Qh]xx [ 3
T2 4h 80K5 12 4OK5h

(20)
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and the stress components are given by X, ins,
2.0
K.4 K.q 3 ;
» 6[4(§Kh - —Pi]x1x2- 22X X ! /
5 4h 4K h 1.5}
1.0
- i_xax at center
ap’ 12 : ~
057 at tixed end
(21)
q 3q q 3 -1000 _5:00 ° 500 1000 G, Psi
O = - =X 4+ T=xxX = —xX
22 2 1 4h 1 2 4h3 12 L -05
AAAAA S Y
(22) . theoryw
——— eguation 21
K
o = :Qh _ 3_P + 3 P 1.5
12 80 KS 4h 4K i
“ -2.0
KBCI K3q ><4 _ 3q xz
40K h] 2 16K K 2 8h ! Fic. 2. Variation of on with x. of an ortho-
5 5 tropic cantilever of yellow poplar (P =10 1b

g = 0.5 Ib/in.)

(23) 2.

o at the fixed
end

It should be noted that equation {10f) does 1.5

—at the cent
not require the oy, to disappear at the end LoX .
surfaces but rather requires the integral of 1.0 \\
o 11 with respect to x2 to be zero. Neverthe- \
less, oy; proves to be zero at the free end 054 ~ p
(x1 = 0) of this particular beam as can be i |
verified from equation (21). For other 21— % +
beams, normal stress, o;, may be present j ,,'}
on a free as well as an embedded end sur- -0.51 f /
face. An analysis in which this occurs will / /
be discussed in the next example. 1ot / /

The variation of g2 as well as o3, in a / /

wood beam (yellow poplar) is pictured in -1:5 f/

Figs. 2 and 3. In Fig. 2 the distribution of
o4, with %o at ¥, = A/2 is contrasted with -2.0
the results of elementary bending theory.
The figure demonstrates that power series
analysis, based on a more fundamental ap- Fic. 3. Variation of o1 with x. of an ortho-
proach to the elastic problem, indicates a tropic cantilever of yellow poplar (P=1Ib ¢ =

moderate departure from a linear distribu- 05 Ib/in.)

tion of normal stress in an orthotropic beam. AN ANISOTROPIC BEAM SUBJECTED TO A
It is interesting to note the commonly ac- UNIFORMLY DISTRIBUTED LOAD
cepted parabolic shape of the shear distribu- An anisotropic beam under a uniformly

tion as pictured in Fig. 3. distributed load is shown in Fig. 4. Com-
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plete anisotropy is introduced in a wood
beam by the non-coincidence of orthotropic
symmetry and geometric axes as shown in
Fig. 4. The beam is supported by means of
shear distributed in an arbitrary manner on
the two end surfaces. The stress boundary
conditions are as follows:

g,=-q for xz:h |X1IS A
02'2: 0 x2:—-h |x1‘_<_ A
. _+ <
2= 0 %= =h [x1l" A
h aa x1:7\

S =]
“h ~an x1:—7\
h
- -+
/o;1x2dx = 0 x1__7\
~-h
h

Jfowm -0 x =+
11 2 1
-h

Using the first three boundary conditions
of equations (24), and following the same
procedure as followed for the orthotropic
beam, we obtain a partially complete stress
function.

(24)
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= "“10

T F
>
o>+
>
3
N
T

Fic. 4. A simply supported anisotropic beam
subjected to a uniformly distributed load.

The three remaining boundary conditions
(244, e, f) require that

2 2
ar (KKK
3 2 )
8K 40Kh

and

cC =0, C = -
04 03

cC = O

02

Hence, the stress function for the uniformly
loaded anisotropic beam takes final form

2 2
_7_\_ + Ke K3K5]x3

F(x1,x2) = q [-

8hH 4o§h 2
2
Ky~ KKg 5 Ke 2 _
80K’ h 2 BKkh T 2
K
4 3x><4 - X - -3—x?x2
16kh ' 2 ! 8h

5

2
4
1 2 3
+ 8h %

(26)
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and the stress components are

2

2
K -KK
o = q _G(L_? _4__+S)X2
M 8h 40K_h
+ K~ KKy ° + 4y
a2 AKh T
S5
3K
43 x1 X22 33 xf xz]
4K5h 4h

- 1 1 3
Oéz—q[—z——4hx2+4€)(2 1y

g, =
12

(29)

Equation (24f) of the boundary conditions
imposes the restriction that the net force at
the end of the beam be zero whereas equa-
tion (24e) eliminates moment at the end.
As a result the end surfaces of the beam are
not entirely free of normal stress, o1;. Ac-
cording to St. Venant’s principle, the effect
of this end stress is minimal a short distance
from the ends. Consequently, the solution
can be considered exact in the interior por-
tions of the beam. Boundary condition
(24d) requires that the reactions of the
beam be distributed as shear over the end
surfaces. This mode of support will modify
the stress over the end surfaces. This mode
of support will modify the stress field near
the ends of the beam as contrasted with a
beam supported for a short distance along
the lower edge near the ends. Nevertheless,
stress calculations in the interior of the
beam will not be modified appreciably by
this mode of support.
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It is interesting to observe graphically
the variation with position of the three com-
ponents of stress in an anisotropic beam. As
an example of an anisotropic beam we con-
sider a wood beam (Douglas-fir) with a
slope of grain of 5° as shown in Fig. 4.
Because of the slope of grain, this beam is
anisotropic in x; —x» frame of reference.
Using the transformation equation of a
fourth-order Cartesian tensor, the elastic
constants of the beam can be calculated.

S/'i]'k% = aimajnakoa’kpsmnop .
From this equation and values for the ortho-
tropic compliances of Douglas-fir as given
by Hearmon (1951), we obtain

I'd Ve

S1111 = 0-066 ; S1112 = —0-031;
’ /

S0 = 0-401 52222: 0-082;
;212: —0 044;

/ /

51122 = 522” = - 0:015,

in units of 0-145x10 irt/ ib.
( /

X, ins
A 7y .

+ 5
o at mid-span

L 4

L4 at1 A
> P
F 3
A at end
\ 2
———— elementary
\ bending
1 theory
I equation 27
| ., Psi
bt N

800

Fic. 5. Variation of ou with 2. in an anisotropic
beam of Douglas-fir (load, 5 lb/in.)
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R
|
5 49 . o .
g
. % psi
-2.0 =10 Yo 10 2:0
i —_ L L —
—te S T - T >
-G0 =40 -20 \ 20 40 80
e Psi
B "
{
o at cente: T
|
s/
® 2 end / /
1§47

Fic. 6. Variation of ¢1. with x. in uniformly
loaded anisotropic beam of Douglas-fir (load,
5 lb/in.)

These values for the compliances are used to
obtain the K; of equation (1). With these
constants the stresses can be caleulated
from equations (27), (28), and (29). The
distribution of oy, as well as oy», with posi-
tion is pictured in Figs. 5 and 6. The varia-
tion of o1y with x4 at x;, =0, A/2, and X as
calculated from equation (27) are con-
trasted with the wvalues obtained from
elementary bending theory in Fig. 5.

CONCLUSION

The doubly infinite power series leads to
an approximate mathematical solution of
two-dimensional elastic problems of ortho-
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tropic and anisotropic bodies subjected to
relatively simple boundary conditions. As
shown in the body of the paper, all the
components of stress in the plane can be
evaluated. In contrast, elementary theory
yields values for the stresses oy, and oyq
only. The distribution of oy; through the
cross section of either an anisotropic simply
supported beam or an orthotropic canti-
lever proved to be different than predicted
from elementary bending theory.

If the load distribution is dependent on
xq, o1 at the end surface is zero. In con-
trast, if the applied load is constant, i.e.
independent of x;, normal stress o1 ap-
pears on the end surfaces but the integral
of o1 with respect to the x» is zero. The
normal stress o9y is independent of the
properties of materials irrespective of
whether the medium is orthotropic or aniso-
tropic. It is also interesting to note that the
shear stress o5 is dependent on the elastic
constants (S;112 and Siy11) other than the
shear compliance (Si212), and is numeri-
cally small over the cross section at the
center of the anisotropic beam.
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